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For the first time, one-particle theory of Wannier-Stark quantization for a a(N−1)-long chain
affected by a homogeneous electric field Ee is extended to the 2D case of LN=a(N−1)-long and
LN=a(N−1)-wide conductor, which is modeled by the atomic square lattice with the electron site-
energy change from atom to atom in the direction parallel to N axis by the amount of electric
field parameter (efp) ε ≡ aeEe/|t| in units of |t|. It is shown that each field-provoked µ-level in
the chain spectrum gives birth to the µ-subband of field-independent levels due to the electron-
transfer interaction in the direction perpendicular to Ee. The level spacing and hence, the width
of µ-subbands E0bw, is dictated by the conductor length, the hopping integral t, and by the lattice
constant a. Another principal result is that the levels, which are within the energy interval 0.5E0bw
on either sides of the spectrum (that is the edge spectrum), correspond to the delocalized states
which are extended in the direction perpendicular to the electric field. In this direction, the electron
spectrum width E⊥bw is larger by E
0
bw than the spectrum width in the field direction E
‖
bw. Several
special cases of the interrelation between the electron energy versus applied voltage are identified,
when the spacing between the µ-subband centers is equal either to integer or fraction (> 1) portion
of dimensionless ε. Otherwise, the level spacing is shown to be irregular and, depending on N , N ,
and ε, it can be equal to any portion of ε. It is argued that one of straightforward applications of
the presented theory is the quantum-mechanical explanation of Hall effect in two dimensions.
INTRODUCTION
In 1960, Wannier introduced the concept of electron
energy quantization in solids subjected to a constant ho-
mogeneous electric field [1, 2]. In its essence, his con-
cept was formulated for an infinite monoatomic chain
described in the Wannier tight-binding approximation.
It can be considered as the theory of Stark effect for
a chain of interacting single-level atoms. Therefore, it
was christened by the name Wannier-Stark ladder or WS
quantization of electron energy, Eµ = µε, µ is an inte-
ger. The field parameter ε (−ε) determines the change of
the electron potential energy from one atom to the next
along (against) the field.
Significant clarifications of the Wannier concept were
suggested in works [3–7] and some others, see quoted pa-
pers for additional references. In particular, it was shown
that the edge of the spectrum of the field-affected semi-
infinite tight-binding chain exhibits remarkably different
regularity in the interlevel spacing. The polynomial rep-
resentation of the exact solution of the spectral problem
for the field-affected, N -atom long tight-binding chain
[8] opened a window for deeper insight into the nature
of Wannier-Stark quantization (WSQ). A number of ac-
curate explicit expressions was derived which elucidated
a rich variety of electric field effects on the chain elec-
tron spectrum [9–11]. The spectrum’s gross structure
that comes to light from the mathematically rigorous de-
scription of the finite monoatomic chain subjected to the
electric field is briefly outlined next.
The difference in the electron potential energy eV =
eEeLN between chain ends widens the electron spec-
trum and splits it into three subbands: the midband,
−|E0bw − eV |/2 ≤ E ≤ |E0bw − eV |/2 ≡ Ebels, and two
tilted bands below and above the midband, Fig. 1a. If
eV < E0bw, all levels (if any) within tilted bands cor-
respond to end-localized states (els), the eigen energies
within the midband correspond to the extended states
(es), upper diagram. The increase of eV to the value of
E0bw narrows the es-band width to zero. The tilted bands
come in top-to-bottom touch one with another, and the
tilted bands reach their maximal width equal to the zero-
field band width E0bw, mid diagram. Further increase of
eV opens the band labeled as WSs (Wannier-Stark states,
lower diagram). All levels within this band correspond
to the electron states which are predominantly localized
either near the left chain end or near the right chain end.
In the classic description of free particle motion, the
potential energy profile has the parallelogram shape
(shown in Fig. 1a by thick solid vertical lines and thin
solid sloped lines). Within the area of upper (lower) els-
band, the particle moves in the right triangle (in the base-
up right triangle) hard-wall potential; within the area of
es-band, the particle moves in the rectangular hard-wall
potential; and within the area of WSs-band, the particle
experience the parallelogram-shaped hard-wall potential.
With the increase of eV , the sloped sides of the paral-
lelogram and triangles become longer, whereas the hor-
izontal lines indicating the borders between WSs- and
els-bands, become shorter. In the limit eV → ∞ (N =
const), the potential profile degenerates into an infinite
vertical straight line with no place for the classic particle.
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2This observation gives emphasis to the purely quantum
nature of the WS effect in solids. In the limit N → ∞
(eV = const), Ebw = E
0
bw.
The refinements of the Wannier concept seem to be
frozen in one-dimensional world of linear molecules and
superlattices since year 2001. In this paper, we report an
explicit expression of the field-affected electron spectrum
derived from the exact characteristic equation of Hamil-
tonian matrix for N×N square atomic lattice. It gives a
fascinating picture of WSQ having obvious parentage of
WSQ in one dimension and, at the same time, exhibit-
ing many prominent distinctions with new physics in the
background.
ANALYTIC SOLUTION OF THE EIGENVALUE
PROBLEM
In the tight-binding, nearest-neighbor approximation,
the electron wave function for the atomic lattice shown
in Fig. 2 can be written in the form of expansion
Ψ2D =
√
2
N + 1
N∑
n=1
N˜−1∑
m¯=−(N−N˜)
sin(knn)φm¯|n, m¯〉,
N˜ ≡ [(N + 1)/2], (1)
where kn = pin/(N+1), n = 1,2,. . . ,N . Here and in what
follows, the square brackets indicate the integer part of
the argument. The one-dimensional counterpart of Eq.
(1) is Ψ1D =
∑N˜−1
m¯=−(N−N˜) ψm¯|n, m¯〉.
The expansion coefficients φm¯ must satisfy the
Schro¨dinger equation HΨ = EΨ, that is the system of
equations[
E + ε
(
N˜ − m¯
)
+ 2 cos kn
]
φm¯ = − (φm¯−1 + φm¯+1) ,
φ−(N−N˜+1) = φN˜ = 0. (2)
In the above equations, the electron site-energy at zero
potential (the Fermi energy) is set equal to zero, the en-
ergy is expressed in units of the hopping integral abso-
lute value |t|, e.g., E0bw = 4, if N >> 1. For the sake of
convenience, the choice of atom numbering along N axis
preserves the electron spectrum symmetry with respect
to the Fermi energy for any value of eV .
The determinant of matrix E¯I −H, In,m¯ = δn,m¯,
Hm¯,m¯′ = ε(N˜ − m¯)δm,m¯′ − δ|m¯−m¯′|,1 (3)
can be represented in the following form [8]:
DN (E¯) = Jν+(N+1)/2(z)Yν−(N+1)/2(z)
− Yν+(N+1)/2(z)Jν−(N+1)/2(z), (4)
where E¯ ≡ E + 2 cos kn, ν ≡ E¯/ε, z ≡ 2/ε, and Jν(z)
and Yν(z) are the Bessel functions of the first and second
kind, respectively.
FIG. 1: The spectrum’s gross structure ofN -atom long chain
(a) and N×N (N -long and N -wide) atomic square lattice (b)
for particular values of the electric potential V . Thick solid
frames indicate the hard wall potential experienced by a par-
ticle inside the walls. Thin-solid horizontal lines indicate the
borders between the tilted bands of els-levels corresponding
to the states, which are preferably localized near the lower
or upper chain ends (a) [lattice edges (b)] and the midband
of extended states (a,b) [edge extended states – ees (b)], and
Wannier-Stark states (WSs). The latter are localized between
the sloped lines. The N -E areas of the existence of different
types of states are distinguished by colors: yellow (els), dark
blue (es), light blue (ees), and rose (WSs). White color indi-
cate the areas which are inaccessible for classic particles. The
width of electron spectrum E
‖
bw is equal to E
0
bw + eV (a); the
width of electron spectrum E⊥bw is equal to 2E
0
bw + eV (b).
The solutions to equation DN (E) = 0 denoted by Eµ,
µ=0, 1, . . . ,N−1, give the electron eigen energies in N -
long atomic chain [10]. From the form of DN (E¯) = 0, it
is seen that each µ-level in the chain spectrum splits into
the µth subband of field-independent levels with Eµ in
the subband center. This changes the level spacing pos-
sessed by the chain spectrum radically. As a consequence,
the spectrum’s gross structure in the N -E plane, includ-
ing the spectrum width, also changes, compare Figs.1a
and 1b. Self-obvious, the overall spectrum structure in
the N -E plane (not shown) differs from that shown in
Fig. 1b, as does any other spectrum cross-section in the
Ncos θ-E plane, 0 < θ < pi/2.
In view of future applications of this model, we focus
our attention on the details of the spectrum’s gross struc-
ture shown in Fig. 1b. A few preliminary comments are
in order. First, the dependence of the level spacing ∆ on
N (in addition to its dependence on V and N ) makes any
∆ possible to appear in the electron spectrum. There-
fore, we will concentrate the discussion on the spectrum
regularities regarding the µ-subband centers. Second,
3FIG. 2: N×N atomic lattice, where the electron site-
energies are evenly shifted in m¯ direction by the value of ε.
The site numbering from lower edge up is m¯ = −(N − N˜),
. . . ,−1, 0, 1, . . . , N˜−1; eV |N˜−1−eV |−(N−N˜) = ε(N−1) =eV .
it is worth emphasizing that distinct from the levels of
end-localized states, which form the edges of the atomic
chain spectrum, the edge spectrum of the atomic lat-
tice is formed by the levels of edge extended states (ess).
The difference of the nature of edge states in one and
two dimensions, as well as the field-dependent difference
between the E-N and E-N cross-sections that associates
with the non-equivalence of quasi-particle kinematics and
dynamics along the field-parallel and field-perpendicular
directions, gives rise to a number of spectrum peculiari-
ties to be discussed.
In the ongoing analysis, the coexistence of edge-
localized states, es- and WS-states at different voltages
(as defined in Introduction) is discussed in a step-by-step
manner. From now and on, N is supposed to be an odd
number. The explicit expressions for the positive part of
the spectrum are derived under the restrictions N >> 1
and ε << 1 to make the obtained results relevant to the
most cases of interest. Notice, the smallness of efp does
not necessarily implies that eV << 1. We skip the anal-
yses of small values of N , N , or both, as the respective
models do not seem to be relevant to any experiments in
the visible future.
FIELD-AFFECTED ELECTRON SPECTRUM OF
2D ATOMIC LATTICE.
Midband. Extended States. Case:
eV < E0bw, 0 ≤ E¯ < (E0bw − eV )/2− ε. The excluded ε-
interval contains at most one energy level. For the rest
of half midband, the characteristic equation of the N th
order, equivalently, equation DN (E¯) = 0 can be repre-
sented in the form of a pair of interrelated transcendental
equations
DesN (ξes) = 0, E¯ = 2 cos ξ −
eV
2
= 2 cos ξ′ +
eV
2
, (5)
where
DesN (ξes) ≈
ε
pi
√
1
sin ξ sin ξ′
sin[(N + 1)ξes], (6)
and
(N + 1)ξes
= ξ +
2
ε
(ξ cos ξ − sin ξ) + ξ′ + 2
ε
(sin ξ′ − ξ′ cos ξ′). (7)
The roots of Eq. (5) are ξesµ = piµ/(N +1), where µ takes
integer values N˜ , N˜ − 1, . . . , N˜ −N es + 1. The minimal
value of ξes determines the number of states N es in a half
of es-band of N -long chain. We will return to this point
later, see Eq. (13) and on.
The classification of electron states by the values of
renormalized quasi wave vector k = (kn, ξ
es), as it is de-
fined above, fits the central part of es-band. But this is
not the end of the story. It turns out that for the elec-
tron energies E¯n,µ = µε, µ << N , the determinant (4)
is accurately approximated by the expression
DN (E¯n,µ) ≈ (−1)N˜+µ ε
pi
sin{2µ arccos(eV/4)}
sin{arccos(eV/4)} . (8)
This equation tells us that the levels with En,µ = µε −
2 cos kn can appear in the es-band occasionally, with
some particular values of µ.
Further, for the values of eVµ satisfying equation
2µ arccos (eVµ/4) = piµ¯, µ¯ = 0, 1, 2, . . . , and, therefore,
equation DN (E¯n,µ) = 0, we have
eVµ = 4 cos (pim
′/m) , (9)
where m = 3, 4, . . . , and m′ = 1, 2, . . . , < m/2 are
relatively prime numbers. For example, for m = 7, m′ =
1, 2, 3.
The pair of equations (8), (9) predicts the series
of subbands with the subband centers at Eµ, µ =
0,m, 2m, 3m, . . . , if m is odd (odd series), and µ =
0,m/2,m, 3m/2, . . . if m is even (even series).
Combining Eqs. (8) and (9), we found
En,µ =
µε
1− 2m′/m − 2 cos kn, µ = 0, 1, 2, . . . , (10)
where m and m′ have the same meaning as above. This
equation reveals the interrelation between En,µ and the
applied voltage, Vµ = ε(N − 1)/e at fixed N . It refers to
the middle part of the spectrum of N×N atomic lattice.
Large N are required for Eq. (10) to be valid. In all
other cases, it holds for arbitrary values of N and N .
This suggests direct tests of relevance of Eq. (10) to
the related experimental results on electric and magnetic
effects in 2D materials.
Several examples of manifestation of such spectra are
presented in Fig. 3. For eV = 0.5E0bw (left column), Eq.
(9) gives m = 3 and m′ = 1. Then, from Eq. (10),
|En,µ+1 − En,µ| ≈ 3ε. The exact calculations confirms
that at this value of applied voltage, the es-band shows
up the odd series as the triple-ε spacing between the µ-
subbands.
4FIG. 3: Schematic illustration of the valence band spectrum (mirror reflection of the conduction band spectrum with respect
to the zero-field Fermi energy) of N×N atomic lattice. Horizontal lines, both longer and shorter, correspond either to µ-levels
calculated for N=1 (a), or to the µ-subbands centers calculated for N = 15, N=51 (b). The spectra shown are calculated for
(from left to the right) eV = 2, 4 cos(pi/5)≈3.24, 5, 8. The es-bands at different voltages are indicated by light blue color. For
eV = 2, 3ε level spacing is valid excluding ε-small intervals near es-band edges. WS-bands are rose; for eV=5 (ε=0.1) and
eV=8 (ε=0.16), the WS quantization µε works well. The els-bands: 2ε-spaced levels (yellow part), irregularly-spaced levels
(white part) separate the Airy spectrum (green) from the es- or WS-band. Yellow color: levels close to E¯1,µ=eV/2, see Eq.
(15). Cases eV = 2 and eV=4 cos(pi/5) are explained in the text. For N = 15 (b), only three lowest subbands are shown and
shifted for clarity.
In the next example, eV=4 cos(pi/5), m = 5 and m′ =
1. Thus, the subband-center spacing is close to (5/3)ε.
In Fig. 3, the corresponding part of the spectrum is blue.
Midband. Wannier-Stark States. Case:
eV > E0bw, 0 < E¯ < E
b
els. If eV = E
0
bw, there is only
one subband of extended states, En,0 = −2 cos kn. For
larger values of eV , the mid-subband levels satisfying
equation E¯nc,µ = µε (knc = pi/2), must obey equation
DN (Enc,µ) = 0, where
DN (Enc,µ) ≈ (−1)N˜+µ
ε
pi
sinh{2µ cosh−1(eV/4)}
sinh{cosh−1(eV/4)} . (11)
According to [10], neglecting exponentially small correc-
tions we can write E¯nc,µ = µε. This result specifies the
range of validity and the meaning of WSQ in two dimen-
sional atomic lattices: The spacing between the centers
of field-independent bands is quantized as ∆c = µε.
Tilted Band. Case:
Ebels + ε < E¯ <
(
(E0bw + eV )/2 ≡ Etels
)
− ε. Within the
indicated energy interval, determinant (4) can be rewrit-
ten in the form
DN (E¯) ≈ ε
pi
√
1
sin ξ′ sinh δ
sin ξels exp
(
2Φδ
ε
+ δ
)
, (12)
where ξels ≡ 2 (sin ξ′ − ξ′ cos ξ′) /ε+ ξ′ + pi/4, 2 cosh δ =
E¯ + eV/2, Φδ ≡ δ cosh δ − sinh δ. This expression of the
determinant follows from Eq. (6) with ξ replaced by iδ.
Zeros of determinant (12) are given by the roots of
equation sin ξels = 0, or by
ξels = piµ, µ = 1, 2, . . . , N els, (13)
where N els=
[
ξels|E¯=0.5|E0bw−eV |/pi
]
. The number N els
determines the distribution of states between es-, els-,
and WSs-bands, since N = 2(N es +N els)− δN+1,2N¯ and
N = 2(NWSs +N els)−δN+1,2N¯ that is also valid for even
N .
At least in three cases, the solutions (13) are qualita-
tively different.
Near the top of upper els-band. For Etels− E¯ << 1,
we get
En,µ = E
t
els + ε−
{
3
2
pi
(
µ− 1
4
)
ε
}2/3
− 2 cos kn, (14)
where the largest value of µmax is restricted by the
condition ε << 1. It is seen that the edge spectrum
(Etels ≤ E¯ ≤ Etels + 0.5E0bw) is formed by a set of mapped
on each other cosine subbands. The highest (lowest) level
in the edge spectrum is equal to +(−)Etels + (−)0.5E0bw.
For the energies satisfying |E¯ − eV/2| << 1, and
eV > E0bw, we get
E¯n,µ =
eV
2
+ 2ε
(
2
piε
+
3
4
−
[
2
piε
+
3
4
])
+ 2µε, (15)
where µ = 0,±1,±2, . . . , |µ| << (2ε)−1. Thus, this part
of spectrum shows double-ε spacing between the nearest
µ-subband centers, see yellow parts in Fig. 3.
Near the bottom of els-band. For E¯ − Ebels << 1
and eV > E0bw,
En,µ = 2− ε(µ− 5/4)− 2 cos kn, ∆c = ε, (16)
5where µ is of the order of N els. Again, we come to the
Wannier quantization rule in two dimensions that refers
now not to WSs- but to a part of the upper els-band.
Only small corrections distinguish the results pre-
sented above from those which follows from the analysis
carried out for even N [10]. It might be of importance
however that in the latter case, the µ-subband centered
at zero energy does not exist. The predictions made
throughout the discussion are not valid forN of the order
of 10 and less. The high precision numerical solutions of
the eigenvalue problem DN (E¯) = 0 confirm all analytic
and explicit equations presented throughout the discus-
sion.
Since the Nobel Prize was awarded to von Klitzing
for the discovery of the integer quantum Hall effect 20
years ago, not a single word has been added to Hall effect
in University Physics [13]. The use of our results for
the explanation of the integer and fractional QHEs (in
preparation) suggest a promising new way to go for future
research.
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